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¹�K`»j^.R?@HN �F^S@Ô^.K`¹
^�^.É%KY<H»Q»QB%P�<H»MÆ¾<>N;OÅKQßXK`»j^SRA¶CKQN%K`¹.¹n@HÈ�^.É%KY·%P.@C·+@-¹�K`O¾D©KQ^.É%@�Oª8��£R?N;<>=?=?ÆHGXRAN"¹.K�»M^.R?@HN �©Õ$K[·%PS@d¶VR?O�K[<
È¥KQÕ »Q@HN;»Q=AB+O�RAN;½©PSKQDÔ<HP.Ø�¹(<>N;O¾·X@C¹S¹�R?¿%=?K¼O�RAPSK�»M^.R?@HN;¹$È¥@CP(È¥B%P.^.É%K�PnÕÊ@CP.Ø|8
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ì�N¾^SÉ%R?¹�¹�K`»j^.R?@HN¾Õ$K�º;LÇ^.É;K¼N%@>^�<d^.R?@HNÅ<>N+OÍ»Q@H=?=AK`»j^n¿;<H»�ØV½CP.@CB%N;O­PSK�¹.B%=A^S¹(B;¹.K�OÍR?NÍ^SÉ%K¼PSK�¹�^(@HÈ
^SÉ%K¼·;<H·+K�P�8
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�#�	0� �0��"�	�#
ì�NÅÕnÉ;<>^nÈ¥@H=?=A@dÕ�¹

(Ω,F , µ)
O�K�N%@>^SK�¹n<F·%PS@H¿;<H¿%R?=ARA^
Æ­¹�·+<H»MKCG�ÕnÉ%KQPSK

Ω
RT¹$^.É;K[¹.<HD©·;=AK[¹.·;<H»QKHG

F
RT¹n<>NÏ<H·%·%PS@H·%PSR?<>^.K

σ
é�<H=A½CKQ¿%P�<�@HN

Ω
G�<>N;O

µ
RT¹Ê<¼·;P.@C¿;<>¿%R?=?R~^
ÆYD©K`<H¹.B%PSKH8�I�PSK�<>=Aé�¶]<H=AB;K�O©PS<HN;O�@CDÁ¶d<>PSR?<H¿%=?K

ξ
@HN

(Ω,F , µ)
RT¹�<>N

F/B(R)
é

D©K`<H¹.B%P�<>¿%=?KJDÔ<>·;·%RAN;½
ξ : (Ω,F , µ) → (R,B(R))

GªÕnÉ%K�P.K
B(R)

O�K�N%@>^SK�¹�^.É;K�1$@CP.K�=
σ
é�<>=?½HK�¿%PS<Ç@HN

R
8JÙ(É%KÔ¹�·+<H»MK

L2(Ω,F , µ)
O�K�N%@>^SK�¹!^.É%K�a�R?=A¿XKQP.^$¹.·;<H»QKn@>È�PSK�<H=~é�¶d<>=?B%K�OF¹SËCB+<>PSKnRAN-^.K�½HP�<>¿%=?KnP�<>N;O�@CDÁ¶d<>PSRT<>¿%=?K�¹�@CN

Ω
8 �;@HP$<¼PS<HN;O�@CD

¶]<HP.RT<>¿;=AK
ξ
@HN

Ω
G�Õ$KÌÕnPSRA^.K

ξ ∼ N (0, 1)
^.@�DFK�<>N�^.É;<>^

ξ
RT¹¾<�¹�^S<>N+O%<>P�OøN%@CP.DÔ<>=�PS<HN;O�@CD ¶d<HP.RT<>¿%=?KÌ<HN;O�Õ$K

ÕnP.RA^.K
ξ ∼ U(a, b)

^S@ÍDFK`<>N"^SÉ;<d^
ξ
RT¹,B%N%RAÈ¥@HPSDF=AÆ"O�RT¹�^.PSRA¿%B%^.K�OÌ@HNÌ^.É%KFR?NC^SKQPS¶d<>=

[a, b]
8[³ÜKFB;¹.KJ^SÉ%KJ^SKQPSD "$" 1"È¥@HP¼<

»M@H=?=?K�»j^SRA@CN¼@>È�P�<>N;O�@CD ¶d<HP.RT<>¿%=?K�¹ª^.@�DFK�<HN¼^.É+<d^6^SÉ%KQÆ¼<HP.K�R?N;O�K�·+K�N;O�KQN-^�<>N;O¼RTO�K�NC^SR?»�<>=?=AÆ,O�RT¹
^SP.R?¿%B�^SK�Oª8 Ù(É%K$O�R?¹�^.PSR?¿%B�^.R?@HN
È¥B%N;»j^SRA@CNµñAó �-G�ý��]õ
@>È�<YP�<>N+O�@HDÛ¶d<>PSRT<>¿%=?K

ξ
@CN

(Ω,F , µ)
R?¹(½CRA¶CKQN¾¿-Æ

Fξ(x) = µ(ξ ≤ x)
È¥@CP

x ∈ R
8
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ì�N©^SÉ%R?¹�·;<>·XKQP`G>Õ$K�»M@CN;¹�RTO�K�P!O�ÆVN;<>DFRT»Q<>=%¹.Æ�¹
^SKQDÔ¹�ÕnRA^.É©º;N%RA^.K�=AÆ©DÔ<>NVÆ[P�<>N;O%@HDö·;<HPS<HDFKM^.K�PS¹�Gd·;<HPS<HD©KQ^.K�P.R � K`OJ¿VÆY<

º;N%RA^.K�»Q@H=?=AK`»j^.R?@HNÔ@HÈªP.K`<>=Aét¶d<>=?B%K`O "$" 1ÔPS<HN;O�@HD ¶d<>PSR?<H¿%=AK`¹
ξ1, . . . , ξM

@CN
Ω
8�³´K�=AKQ^

V = σ({ξi}M
1 )

<>N;OªG-O�RT¹�PSKQ½-<>P�O�RAN;½
<>NVÆ¼@>^SÉ%KQP!¹.@HB%P�»MK`¹£@>È+B;N;»MK�P�^�<>R?NC^
ÆCG>Õ$@HPSØ¼RANY^.É%K�¹.·;<C»MK

(Ω,V , µ)
8:1$Æ

Fξ

ÕÊKnO�K�N%@>^SKÊ^SÉ%K�c
@HR?N-^!O�R?¹�^.PSR?¿%B�^.R?@HN©È¥B%N+»j^.R?@HN
@>È�^.É;KJP�<>N;O�@CDÚ¶CK�»M^.@HP

ξ = (ξ1, . . . , ξM )T 8�b�@>^.KJ^.É;<>^�¹.RAN+»MK[^SÉ%K ξj
<>PSK "$" 1dG�^.É%K�ÆÅ¹.É;<HP.KJ<Í»M@CD©DF@CN"O�R?¹�^.PSR?¿%B�^.R?@HN

È¥B%N;»j^SRA@CN�G
F
GX<HN;O"»M@CN;¹.K�Ë-B%KQN-^S=AÆ

Fξ(x) =

M∏

j=1

F (xj)
È¥@HP

x ∈ R
M 8�Z�KQ^�B;¹�O�KQN;@>^.KJ¿-Æ Ω∗ ⊆ R

M ^.É;KJR?DF<H½HK[@HÈ
Ω

B%N;O�K�P
ξ
G
Ω∗ = ξ(Ω)

G;<>N+OÍ¿VÆ
B(Ω∗)

^SÉ%K;1$@HPSKQ=
σ
é�<>=?½HKQ¿;PS<Y@HN

Ω∗
8

ì�^$R?¹Ê@>Èw^SKQNÇ»Q@HNV¶HK�N%R?KQN-^�^.@YÕÊ@CP.ØYRANÔ^SÉ%K�·;P.@C¿;<>¿%R?=?R~^
Æ©¹�·;<C»MK
(Ω∗,B(Ω∗), Fξ)

R?N;¹�^.K�<COF@>Èª^SÉ%K�<H¿;¹
^SPS<C»j^!·%PS@H¿+<>¿%R?=ARA^
Æ
¹�·;<C»MK

(Ω,V , µ)
8�³´K[O%KQN%@H^.K,^.É;K¼KML�·+K`»j^�<d^.R?@HN¾@>È�<©PS<HN;O�@CDÛ¶]<HP.RT<>¿;=AK

X : Ω∗ → R
¿VÆ

〈X〉 =

∫

Ω∗

X(s) dFξ(s).

Ù(É%KÏ¹�·;<C»MK
L2(Ω∗,B(Ω∗), Fξ)

G(ÕnÉ%RT»�ÉÖÕÊK"¹.@HDFKM^SRADFK`¹Ô¹�R?DF·%=AÆ�O�KQN%@H^.KÏ¿VÆ
L2(Ω∗)

G(RT¹ÔKQN+O�@dÕÊK`O9ÕnRA^.ÉÖ^.É;KÏRAN%N;KQP
·%P.@�O�B+»j^

(·, ·) : L2(Ω∗)× L2(Ω∗) → R
½CRA¶CKQN¾¿-Æ

(X, Y ) =

∫

Ω∗

X(s)Y (s) dFξ(s) = 〈XY 〉 .
ô



ì�N¾^SÉ%K[»Q<C¹�K
ξi

iid
∼ N (0, 1)

G;<>NVÆ
X ∈ L2(Ω∗,B(Ω∗), Fξ)

<HO%D©RA^S¹�<>N¾KML�·;<>N+¹�R?@HN¾@>È
È¥@HPSD¾G

X =

∞∑

k=0

ckΨk,
À�ó`Ä

ÕnÉ%KQPSK
Ψk

<HP.K
M
ét¶d<HP.RT<d^SK�a�KQPSD©RA^.K¼·X@H=?ÆVN%@HDFRT<>=T¹�ñAóQõtG;<HN;OÇ^.É%K[¹.KQPSRAK`¹n»M@CN-¶CKQPS½HK`¹!R?N

L2(Ω∗,B(Ω∗), Fξ)
¹.KQN+¹�K�%

lim
P→∞

∫

Ω∗

∣
∣
∣X(s)−

P∑

k=0

ckΨk(s)
∣
∣
∣

2

dFξ(s) = 0.

Ù(É%K,KML�·;<>N+¹�R?@HNµÀ
ó]Ä$R?¹nØVN%@dÕnNÅ<H¹$^SÉ%K­À¥³øR?KQN;KQP.é�a�KQPSD©RA^.K]Ä$·+@C=AÆVN%@CDFR?<H=�»�É;<>@-¹ÊKQL�·;<>N;¹.R?@HNÌñ ý

%G 
�G�ó ��G+ò>ýdõ6@>È
X
8!Ù(É%K

·+@C=AÆVN%@CD©RT<>=T¹
{Ψk}∞0

<HP.K�@HP.^.É%@C½H@CN;<>=tG

(Ψk, Ψl) = 〈ΨkΨl〉 = δkl

〈
Ψ2

k

〉
,

ÀtòHÄ

ÕnÉ%KQPSK
δkl

R?¹n^.É%K[e,PS@HN%K`»�ØHK�PÊO�K�=~^�<%8
ê�KQ·XKQN+O�RAN;½Ç@HN"^.É%K©O�R?¹�^.PSR?¿%B�^.R?@HN+¹�<>·;·+K`<>PSRAN%½ÔR?NÏ^SÉ%KJ·%PS@H¿;=AK�DïRA^�RT¹�»Q@HNV¶HK�N%R?KQN-^�^.@Í<HO�@C·�^�<>=A^.K�P.N+<d^.R?¶HKJ·;<>P�<>DFKMé

^.KQPSR � <d^SRA@CN;¹�<HN;OÅ·+@C=AÆVN%@CDFR?<H=�¿;<H¹.K�¹�8 �%@CP�KML%<>DF·%=?KHG+RAN"^.É%KJ»�<H¹.K ξi
iid
∼ U(−1, 1)

G;Õ$K¼ÕnR?=A=£B;¹.K
M
ét¶d<>PSRT<d^.K¼Z6KQ½HK�N;O�PSK

·+@C=AÆVN%@CD©RT<>=T¹
È¥@HP�^SÉ%K(¿;<H¹.R?¹
{Ψk}∞0

GH<HN;OJ^.É%KnKQLV·+<>N;¹.RA@CNJR?N¾À�ó`Ä£RT¹�<¼×�KQN%K�PS<H=AR � K`O[Ã�@H=?ÆVN%@HDFRT<>=+ÂÊÉ;<H@C¹$ñ ý���õ%KML�·;<HN;¹.RA@CN
@>È

X
8Ôì�^JRT¹[<>=T¹�@Å·X@C¹S¹�R?¿%=?K©^.@ÏB;¹.K

ξi
^SÉ;<d^Y<HP.KFR?N;O�K�·+K�N;O�KQN-^J¿;B�^[N%@>^[N;K�»MK`¹.¹S<>PSR?=AÆ"RTO�K�NC^SR?»�<>=?=AÆ´O�R?¹�^.PSR?¿%B�^.K`OªG£ÕnÉ%R?»�É

=AK`<HO%¹$^S@F<©DFRALVK`O¾·+@C=AÆVN%@CD©RT<>=�»�É+<>@C¹$¿;<C¹�RT¹¼Àv»MÈ
8�ñ òdýdõ�È¥@CPnKML%<>DF·%=?K�¹�Äj8
�£R?N;<>=?=?ÆHG%R?NÅ·%PS<C»j^SR?»�<>=ª»M@CD©·;B�^S<>^.R?@HN;¹�G�ÕÊK,ÕnR?=A=6¿+K[<H·%·%PS@]LVR?DÔ<d^SRAN%½

X(ξ)
ÕnRA^.ÉÏ<Y^.PSB%N;»�<d^.K`OÍ¹.KQPSR?K�¹�G

X(ξ) ≈
P∑

k=0

ckΨk(ξ),
À{ôCÄ

ÕnÉ%KQPSK
P
R?¹­º;N%RA^.KÌ<HN;OøO�KQ·XKQN+O%¹­@CNÞ^.É%KÏ^SP.B;N;»Q<>^.R?@HNø¹
^SPS<>^.K�½HÆ�<CO�@H·%^.K�O�8 ì�NÞ^SÉ%K"È¥@C=A=?@dÕnRAN;½;G$ÕÊKÌ¹.É;<H=A=�»Q@HN;¹.RTO�KQP

^.PSB%N;»Q<>^.R?@HN;¹$¿;<C¹�K`O­@CNÇ^SÉ%K�^.@>^�<>=�O�K�½HPSKQK�@>È
^.É%K,PSKM^S<HRAN;K�OÍ·+@C=AÆVN%@CD©RT<>=T¹$RANÍ^.É;K,¹.KQPSR?K�¹�GV¹.B;»�ÉÍ^.É;<>^
P
RT¹n<JÈ¥B;N;»j^SRA@CNÍ@HÈ

^.É%K[¹�^.@�»�É;<C¹
^SR?»�O�R?D©K�N;¹.RA@CN
M
<>N;OÍKML�·;<HN;¹.RA@CNFí�@HP�O�KQP �

p
<H»�»M@HP�O�R?N%½[^S@Ïñ ò>ýdõ %

1 + P =
(M + p)!

M !p!
.

Àvý-Ä

a�KQPSK
p
P.KQÈ¥KQP�¹$^.@©^.É%K¼=T<>PS½HK`¹
^(·X@H=?Æ-N;@HDFR?<H=�O�KQ½CP.K�K,RANÍ^.É%K¼KQL�·;<>N;¹.R?@HN�8
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Vp

Z6KM^�B+¹�O�K�N%@>^SK[¿VÆ
Vp
G%^.É;KY¹.B%¿;¹.·;<H»QK¼@>È

L2(Ω∗)
¹�·+<>N%N%K`O¾¿-Æ

{Ψ0, Ψ1, . . . , ΨP}
ÕnRA^.É

P
½HR?¶HK�NÅ¿-ÆÝÀvý-Äj8(ë!¶CKQPSÆ

KQ=?KQDFKQN-^Ô@>È
Vp

R?¹Ô<Ü=?RAN%K`<>PÔ»M@CDJ¿%R?N;<>^.R?@HNÖ@>È
{Ψj}P

0

8���<>N+O�@HD ¶d<HP.RT<>¿%=?K�¹YR?N
L2(Ω∗)

ÕnR?=A=n¿XK"<>·;·%P.@]L�R?DÔ<d^.K`OÝ¿VÆ
KQ=?KQDFKQN-^S¹!RAN

Vp
8�Ù(É;K�O�KMº;N;R~^SRA@CNÔ@>ÈX^.É%K�<H·%·%PS@]L�RADÔ<d^SRA@CN;¹�R?N

Vp
@>È�<>NFKQ=?KQDFK�NC^

u ∈ L2(Ω∗)
ÕnR?=?=%¶d<>PSÆ[È¥PS@HDÁ@CN%K�»Q<C¹�K

^.@Ï<>N%@H^.É%K�P '£¹�·XK�»QR~ºX»Q<>=?=?ÆHG6Õ$KÔ¹�É+<>=?=�P.K�=AÆ"@CNµ@HP.^.É%@C½H@HN+<>=£·%P.@Hc
K�»M^.R?@HNÜ@>È
u
RAN-^.@

Vp
@CP¼@HN´^.É%KÇ×,<H=AK�P.ØVR?N´·%PS@>c
K`»j^SRA@CN

O�KMº;N;R~^SRA@CN­ÕnÉ%KQN­^.É%K�PS<HN;O�@HD ¶d<>PSRT<>¿%=?K
u
RT¹$¹�@C=AB�^SRA@CNÔ@>È6<HN­K�Ë-B;<>^.R?@HNÌÀv@HP�@HÈ6<[¹.KM^(@>ÈªK�Ë-B;<>^.R?@HN;¹�Ä*'�¹.KQK�:VK`»j^SRA@CNÍò�8 ý;8 ò�8

Ù(É%K�@HP.^.É;@H½H@CN;<>=;·%P.@Hc
K�»M^.R?@HN­<>=?=?@dÕ�¹�B;¹�^.@YO%KMº;N%K�@H·XKQP�<d^SRA@CN;¹�¿XKM^
Õ$KQKQNÇKQ=?KQDFKQN-^S¹Ê@>È
Vp
RANÍ<¼PS<>^.É%K�PÊ¹�^.P�<>R?½HÉ-^�È¥@CP.Õ(<>P�O

Õ$<]ÆC8 �%@CPFKML%<>DF·%=?KHGÊ½HR?¶HKQN
u, v ∈ Vp

G�Õ$K¾N;@>^.K¾^SÉ;<d^F^.É;KÏ·%P.@�O�B+»j^
(uv)

RT¹FRANÖ½HK�N%KQP�<>=(N%@H^FR?N
Vp
GÊ¿%B�^Ç»�<>NÖ¿+K

·%P.@Hc
K�»M^.K�OÇRAN-^S@
Vp
K�<H¹.R?=AÆÇ<C¹$È¥@H=?=A@dÕ�¹�ñ òdýdõ�8�×�R?¶HKQN6G

u =

P∑

k=0

ukΨk, v =

P∑

k=0

vkΨk,

ý



^.É%K¼·%PS@>c
K`»j^SRA@CN
w
@>È

(uv)
R?N-^.@

Vp
RT¹

w =

P∑

k=0

wkΨk, wk =
1

〈Ψ2
k〉

P∑

i=0

P∑

j=0

uivj 〈ΨiΨjΨk〉 .
À 
HÄ

Ù(É%K�È¥B%N;»j^SRA@CN
w
O�KMº;N;K�OÅ<H¹$R?NµÀ 
HÄ$RT¹$^.É%K¼·;P.@�O�B;»M^�@>È

u
<>N;O

v
R?N
Vp

'%Õ$K¼O�KQN%@H^.K,^SÉ%R?¹
Vp
·%P.@�O�B+»j^n¿VÆ

w = u ~ v.

ì�N9^.É%KÅ»MB%PSPSKQN-^JÕ$@HPSØXG�Õ$KÇ<>PSKÇ<H=?¹.@"R?NC^SKQPSK�¹�^.K`OÝRAN�PS<HN;O�@HD
n
é�¶HK�»M^.@CPS¹

u
ÕnR~^SÉ�»Q@HDF·+@CN%KQN-^�¹

ui ∈ Vp
È¥@HP

i =
1, . . . , n

8£ì�N¾^SÉ%R?¹�»Q<H¹.K,ÕÊK,ÕnPSR~^SK
u ∈ (Vp)n 8!I�NVÆ u ∈ (Vp)n É+<H¹n<Ô¹.·+K`»j^.P�<>=|PSKQ·%PSK�¹.KQN-^�<d^.R?@HN6G

u =

P∑

k=0

ukΨk,

ÕnR~^SÉ
uk ∈ R

n 8�³ÜK[O�KQN;@>^.K,¿VÆ [u]
^SÉ%K

n(P + 1)
é�O�RADFK�N;¹�R?@HN+<>=|¶HK`»j^.@CP

[u] =








u0

u1888
uP








,

<>N;OÏ¶VR?KQÕ
[u]

<C¹�^SÉ%K©¶HK�»M^.@CP�@HÈ£í�»Q@V@HP�O�RAN+<d^.K`¹ �¼@>È
u
R?N

(Vp)n 8¼³´KÔ»�<>NÌ<H=?¹.@ÍO�KQº;N%KF@H·XKQP�<d^SRA@CN;¹�¿XKM^
Õ$KQK�NÌP�<>N;O%@HD
n
ét¶CK�»j^S@HP�¹Q8 �%@CPnKML%<>DF·%=?KHG�RAÈ

v ∈ (Vp)n É;<H¹n<F¹.·+K`»j^SPS<H=ªP.K�·%P.K`¹�K�N-^S<d^SRA@CN�G

v =

P∑

k=0

vkΨk,

^.É%K�NÍ^SÉ%K[O�@H^(·;P.@�O�B;»M^�@>È
u
<HN;O

v
G
α = u · v

G;»Q<HNÍ¿XK¼·%PS@>c
K`»j^.K`OÇR?N-^.@
Vp
K`<H¹.RA=?Æ­<H¹$È¥@C=A=?@dÕ�¹ %

α =

P∑

k=0

αkΨk, αk =
1

〈Ψ2
k〉

P∑

i=0

P∑

j=0

ui · vj 〈ΨiΨjΨk〉 .
À��CÄ

³´K[O�K�N%@>^SK�^.É%RT¹�O�@H^(·;P.@�O�B;»M^�RAN
(Vp)n ¿VÆ

α = u� v.
�
R?N;<H=A=?ÆHG+ÕÊKJ»�<>NÏ»M@CN;¹.R?O�K�P�P�<>N;O�@CD

n× n
étDÔ<d^SP.RT»MK`¹nR?N

(Vp)n×n 8�×�RA¶CKQN A ∈ (Vp)n×n <>N;O u ∈ (Vp)n Õ$K[O�KQN%@H^.K
^.É%K[¹�^.@�»�É;<C¹
^SR?»�DÔ<d^.PSRAL-é�¶HK`»j^S@HP$·%P.@�O�B+»j^�R?N

Vp
@HÈ

A
<HN;O

u
¿VÆ

A ~ u
ÕnR~^SÉ

(Vp)n 3 (A ~ u) =

P∑

k=0

(A ~ u)kΨk, (A ~ u)k =
1

〈Ψ2
k〉

P∑

i=0

P∑

j=0

Aiuj 〈ΨiΨjΨk〉 .
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ÂÊ@CN;¹.R?O�K�P(^.É%K[O%KM^.K�P.DFR?N%RT¹
^SR?»,<>B%^.@HN;@HDF@HB;¹�W�ê�ëø¹�Æ�¹�^.K�D¾G

{

ẏ = g(y),

y(0) = y0,

À �>Ä

ÕnÉ%KQPSKJ^SÉ%K­¹.@H=?B�^.R?@HNÜ@>ÈÊ^.É%KÔ¹.ÆV¹�^.K�D�RT¹¼<ÇÈ¥B;N;»j^SRA@CN
y : [0, Tfin] → R

n 8F³´K­»Q@HN;¹.R?O%KQP,·;<>P�<>DFKQ^.PSR?»YB%N;»QKQP.^S<>R?N-^
ÆÏRAN
^.É%K¼¹.@HB%P�»MK�^.K�P.D

g
<HN;OÇ^.É%K,R?N%R~^SR?<H=�»M@CN;O�RA^.R?@HN;¹�G�R{8 KH8

g = g(y, ξ)
G;<HN;O

y0 = y0(ξ)
8!Ù(ÉVB;¹�GV^.É%K¼¹.@H=?B�^.R?@HNÍ@>È[À �HÄÊR?¹n<






¹
^S@V»�É+<H¹�^.RT»�·%PS@�»MK`¹.¹�G
y : [0, Tfin]× Ω∗ → R

n.
Ù(É;<d^FR?¹�G�@CN%KÅDÔ<]ÆÝ¶-R?KQÕ

y
<H¹F<>N�RAN;O%KML�K�OÖ»M@C=A=?K�»M^.R?@HN�@HÈ�P�<>N;O%@HD

n
é�¶HK�»M^.@CPS¹�G

{y(t)}t∈[0,Tfin]
G�ÕnÉ%K�P.KÍÈ¥@HPFK�¶HKQPSÆ

t ∈ [0, Tfin]
G
y(t) : Ω∗ → R

n RT¹�<©PS<HN;O�@CD n
ét¶CK�»M^.@HP`8£³´K¼»Q<HNÅP.K�ÕnP.RA^.KFÀ �HÄ$D©@CP.K,·%PSK�»QR?¹.KQ=?Æ­<H¹

{

ẏ(t, ξ) = g
(
y(t, ξ), ξ

)

y(0, ξ) = y0(ξ).
a.s.

À{üCÄ

�%@HP�<HNVÆÔ½HR?¶HKQN
ξ
GV^.É;K[¹�Æ�¹�^.KQDÚÉ;<H¹n<FO�KQ^.K�P.DFR?N%R?¹�^.RT»�^.P�<dc
K`»j^S@HPSÆ

{y(t)}t∈[0,Tfin]
8

�;@HP£^.É;Kn·%B%PS·+@-¹�K$@>È+^.É%KnO�RT¹.»QB;¹S¹�R?@HN©<>N;O©¹�B;¿;¹�K`Ë-B%KQN-^�O�KQ¶CKQ=?@H·%DFKQN-^�¹QGdRA^�ÕnRA=?=�¿+KnB+¹�KQÈ¥B%=V^.@,R?NC^SP.@�O�B+»MKÊ^.É%K�#�	�+�"$#-� �
(�! (�� ��+©GdÕnÉ%RT»�ÉJÕ$KÊO�KQº;N%K(<H¹�<�·+<>P.^.RT»MB%=T<>P�O�KM^SKQPSDFRAN%RT¹�^.RT»�PSK�<H=AR � <>^.R?@HN¼@>È;^.É%K(¹
^S@�»�É;<H¹�^.RT»�¹.Æ�¹
^SKQD0R?NÍÀvü-Ä6»Q@HPSP.K`¹�·X@HN+O�RAN;½
^.@�<�½HR?¶HK�N[¶d<>=?B%K

ξ = ξ̄ ∈ Ω∗
8�I�=A^.É;@HB%½CÉJ@>^SÉ%KQP�»�É%@CR?»QK�¹6È¥@HP
^.É%K(N%@CD©R?N;<H=-¹.Æ�¹
^SKQD0DÔ<]Æ,¿+K$P.K�=AK�¶d<>N-^�GdÕ$KÊ¹.É;<>=?=VP.K`¹
^SP.RT»j^

@HB%P�¹�K�=A¶CK�¹�^.@F^SÉ%K[¹�K�=AK`»j^SRA@CN
ξ̄ = 〈ξ〉

8
³ÜK¼¹�É+<>=?=|<C¹.¹.B%DFK�^.É;<>^

y(t, ξ) ∈ L2(Ω∗)
<%8 KH8�R?N

[0, Tfin]
Àv»Q@HDF·+@CN%KQN-^.étÕnRT¹�K]ÄjG%¹.@

yi(t, ξ)
<>^(<Y½HR?¶HK�N­^SRADFKHG+»Q<>N

¿+K[<H·%·%PS@]LVR?DÔ<d^SK�OÔ¿VÆÍ<Y^SP.B%N+»Q<d^SK�OÍÃ$Â�KML�·;<>N+¹�R?@HN�G

yi(t, ξ) =
P∑

k=0

yk
i (t)Ψk(ξ).

Ù(É;KQPSKÍ<>PSKÔ^
Õ$@Ì»M=T<H¹S¹.K�¹[@HÈ�DFKM^SÉ%@�O%¹[È¥@CP©»Q@HDF·%B�^SRAN;½"^.É;KÍ»M@VKQðÔ»QRAK�N-^S¹
yk

i

<H»Q»Q@HP�O�R?N%½Å^.@Ì^.É%KÅO�KMº+N%R~^SRA@CN�@HÈn^.É%K
·%P.@Hc
K�»M^.R?@HNÖB;¹�K`OªG$N;<>DFKQ=?Æ9^SÉ%K"@CP�^SÉ%@H½C@HN;<H=$·;P.@Hc
K�»j^SRA@CN�@CN-^.@

Vp
@HPF^SÉ%KÌ×,<>=?KQPSØVRANÞ·%PS@>c
K`»j^SRA@CN�8�Ù(É%KÏ@HP.^.É;@H½H@CN;<>=

·%P.@Hc
K�»M^.R?@HNµ@>È
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¶-RT<Ô<Ô¹.KM^�@HÈ�O%KM^.K�P.DFR?N%RT¹
^SR?»¼K�¶d<>=?B;<d^SRA@CN;¹n@>È
y(ξ)

È¥@CP�¹.·+K`»MRAº+»¼PSK�<>=?R � <d^SRA@CN;¹(@>È ξ
'+^.É%KY×,<H=AK�P.ØVR?NÅ·%P.@Hc
K�»M^.R?@HNÏ<>DF@HB;NC^�¹

^.@Ï^SÉ%KÇPSK�¹.@H=?B�^.R?@HNµ@HÈ�<>NÝKML�·;<HN;O�K`OÝ¹�Æ�¹�^.KQD @>È�W�ê�ë�¹YP.K`¹�B;=~^SRAN%½"È¥P.@CD ^SÉ%KÇR?N;¹.KQP.^.R?@HNÝ@>È(^SÉ%KÇÃ$Â KQL�·;<>N;¹.R?@HNµ@>È
yRANÌ^.É%KFO�ÆVN;<>DFRT»Q<H=£¹.Æ�¹
^SKQD Àvü-Ä�ÕnÉ;R?»�É´R?¹�RAN-^SKQPS·%P.KQ^.K`O"R?N´<­Õ$K�<HØÏ¹�K�N;¹�KC8,ì�N"^.É;R?¹�·;<H·+K�P�GªÕ$KJ·%PSR?DF<HP.R?=?Æ¾PSKQ=?ÆÅ@HNÌ^.É%K

×,<>=?KQPSØ-R?NÅ·%PS@>c
K�»M^.R?@HN�G;¿%B�^�ÕnR?=A=£<>=T¹�@ÔPSKQ=?ÆÇ@CNÅN%@HN�é�R?NC^SP.B+¹�R?¶HK[¹.·+K`»j^SPS<H=�·%PS@>c
K�»M^.R?@HNÜñ ò>ýdõ$À{b�ì�:VÃ$Ä�R?N"<F=AR?DFR~^SK�OÅÈv<C¹�É;RA@CN
Àv¹.KQK[:VK�»M^.R?@HN;¹�ò%8 ý+8Aó¼<HN;O¾ò%8 ý+8 òJ¿XKQ=?@dÕ�È¥@HP�<HNÅ@d¶HKQPS¶VRAK�Õø@>È£^.É%K[b�ì�:VÃø<>N;OÍ^SÉ%KJ×,<>=?KQPSØVRANÍD©KQ^.É%@�Oª8 Ä
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Z6KM^�B+¹(È¥@�»MB;¹n@CNÏ<F½HKQN;KQPSR?»¼»Q@HDF·+@CN%KQN-^�@HÈ
^SÉ%K[B%N;»QKQP.^S<HRANÏO�ÆVN;<HD©RT»Q<H=�¹�Æ�¹�^.K�DÎÀvü-Än<d^�<©º;LVK`OÍ^.R?D©K

t ∈ [0, Tfin]<>N;OÅ¹.RADF·%=?ÆÍO�K�N%@>^SK,^.É%RT¹�½CKQN%K�P.RT»,»M@CD©·X@HN;KQN-^�¿VÆ
y
8ÊÙ(É;K[b�ì�:VÃøDFKM^SÉ%@�OÏO�KMº+N%K�¹�^.É%K¼KQLV·+<>N;¹.RA@CNÏ»M@VKMð­»MR?KQN-^�¹

ck
RAN

^.É%K©KML�·;<HN;¹�R?@HNÌ@>È
y(ξ)

<H¹�^.É;KF»Q@V@HP�O�RAN+<d^.K`¹�@HÈ�RA^S¹�@HP.^.É%@C½H@CN;<>=
·%P.@Hc
K�»M^.R?@HN"@CN"^.É;KF¹.·;<C»MK
Vp

¹.·;<HN%N%K�OÌ¿VÆÅ^.É%K
Ψk
8

Ù(É%K¼O�KMº;N;R~^SRA@CN¾@HÈ£@CP�^SÉ%@H½C@HN;<H=+·;P.@Hc
K�»j^SRA@CNÇ@CN
Vp
PSK�<CO%¹�ñ ô

VG+ò>ý%G+ò`õ %

(

y −
P∑

l=0

clΨl, Ψk

)

= 0, k = 0, . . . , P.

Ù(É%KQPSKMÈ¥@CP.KCG-¿VÆ­@CP�^SÉ%@H½C@HN;<H=ARA^
ÆF@>È
{Ψ0, . . . , ΨP }

G

(y, Ψk) =

(
P∑

l=0

clΨl, Ψk

)

=

P∑

l=0

cl (Ψl, Ψk) = ck (Ψk, Ψk) ,
À{úCÄ

¹�@©^.É;K,»Q@VKMð­»MR?KQN-^
ck
R?¹�½HR?¶HKQNÍ¿VÆ

ck =
〈yΨk〉

〈Ψ2
k〉

.
À
ó`ûCÄ

ì�NY^SÉ%K�»�<H¹.K$@HÈ|a�KQPSDFR~^SKn@HP�Z6KQ½HK�N;O�PSK(·+@C=AÆVN%@CD©RT<>=T¹(ñ?ójõtGC^.É;KnD©@CDFKQN-^S¹ 〈
Ψ2

k

〉 RAN"À�ó�û-Ä�»Q<>N©¿XK�»M@CD©·;B�^.K`O©<HN;<>=?Æ-^.RT»Q<H=A=?ÆHG
<>N;OÇ^.É%K[O%KM^.K�P.DFR?N;<d^SRA@CNÍ@HÈ�»Q@VKMð­»MR?KQN-^S¹

ck
<HD©@CB%N-^S¹$^S@>^.É;K¼KQ¶d<>=?B;<d^SRA@CNÇ@HÈ
^SÉ%K¼DF@HDFKQN-^S¹

〈yΨk〉 =

∫

Ω∗

y(s)Ψk(s) dFξ(s),

�



=AK`<HO�R?N%½¾^.@¾^.É;KÔKQ¶d<>=?B;<d^SRA@CN´@HÈ
P + 1

RAN-^.K�½HP�<>=T¹�@d¶HKQP
Ω∗ ⊆ R

M ^.@Å@H¿%^S<>R?NµK�<C»�ÉÜ»Q@-KQð­»MR?KQN-^�8ÔÙ(É%K­b�ì�:VÃ0DFKM^.É;@VO
RANV¶H@C=A¶CK�¹Ê»M@HDF·%B%^S<d^SRA@CNÇ@HÈ�^.É%K�^SÉ%K¼<>¿X@d¶HK�R?N-^.K�½HP�<>=T¹�¶VRT<JNVB%DFKQPSRT»Q<>=XR?NC^SKQ½CPS<>^.R?@HN�8�Ù(É%RT¹$»�<>NÍ¿+K¼O�@CN%K�B+¹�R?N%½F<J¶d<>PSR?KM^
Æ
@>È;DFKM^SÉ%@�O%¹�GdRAN;»Q=AB+O�RAN;½�P�<>N+O�@HD0¹S<>DF·%=?RAN%½�7Ï@HN-^SKnÂ$<HP.=?@;G]@HP�Ë-B;<C¹�RAétDF@CNC^SK�»Q<HP.=?@;G]DFKM^SÉ%@�O%¹�GH<H¹£Õ$KQ=?=-<C¹£O%KM^.K�P.DFR?N%RT¹
^SR?»
ËCB+<HO�P�<d^SB%P.Kd÷d¹.·;<>P�¹.KMé�ËCB+<HO�P�<d^SB%P.K�D©KQ^.É%@�O%¹�ñ òdýdõ�8�ì�N­^SÉ%R?¹ÊÕ$@HPSØXG-@dÕnR?N%½¼^.@J^.É%K�=?@dÕÞ¹�^.@�»�É;<C¹
^SR?»�O�R?D©K�N;¹.RA@CN;<>=?R~^
Æ©@>È6^.É%K
·%P.@C¿%=?KQDÔ¹(»M@HN+¹�RTO�KQPSK�O�G�ÕÊK,PSKQ=?Æ­@HNÍÈ¥B%=?=AÆ-ét^.KQN+¹�@CP.R � K`O¾×,<HB;¹.¹nË-B;<CO�P�<d^.B;P.K�È¥@HP(^SÉ%K¼KQ¶d<>=?B;<>^.R?@HN¾@>È6^SÉ%K¼R?NC^SKQ½CPS<H=?¹�8

)�* �5*2) * � � � � �����&�! "$# + ����� 	 1
ÂÊ@CN;¹.R?O�K�P�^SÉ%KJB%N+»MKQP.^S<HRAN´O�ÆVN;<>DFRT»Q<>=£¹�Æ�¹�^.K�D À{üCÄM8�³ÜK©¹.KQK�ØÇ^S@Í<>·;·%P.@]L�R?DÔ<d^.K

y(t, ξ)
¿VÆÇº+N;O�R?N%½Í<HN"KML�·;<HN;¹�R?@HN

@>È
y(t, ·)

R?N
(Vp)n È¥@CP t ∈ [0, Tfin]

G
y(t, ξ) =

P∑

k=0

yk(t)Ψk(ξ)
GªÕnÉ;KQPSK

yk(t)
<>PSK[^SÉ%K©¹�^.@�»�É;<C¹
^SR?»YDF@�O�K�¹�@>È

y(t)
8

ì�N¾»Q@HDF·+@CN%KQN-^�¹QG�Õ$K¼ÕnP.RA^.K

yi(t, ξ) =

P∑

k=0

yk
i (t)Ψk(ξ), i = 1, . . . , n.

ì�N;¹�K�P�^SRAN;½J^SÉ%K,^.PSB%N;»�<d^.K`O¾Ã$ÂøKQL�·;<>N;¹.R?@HNÇ@HÈ
y
R?NÍ^.É%KYW�ê�ë�¹�Æ�¹�^.K�D Àvü-Ä$ÕÊK,@H¿%^S<>R?N�G







d

dt

( P∑

k=0

ykΨk

)

= g
(

P∑

k=0

ykΨk, ξ
)

+ r(t, ξ),

P∑

k=0

yk(0)Ψk = y0(ξ) + r0(ξ),

À
óCó`Ä

ÕnÉ%KQPSK
r
<HN;O

r0

<>PSKn^.É%K�PSK�¹.R?O�B+<>=T¹�<>PSRT¹�R?N%½¼È¥PS@HDÑ^.É;K�^SP.B%N+»Q<d^SRA@CN�8�Ù(É%KQN6GC^SÉ%K�DF@�O�K`¹
yk <>PSK�O�KQº;N%K`OÇ¹.B;»�ÉÔ^.É+<d^$^.É%K

»M@HPSPSK�¹.·+@CN;O�R?N%½JPSK�¹.R?O%B;<>=T¹(<>PSK�@CP�^SÉ%@H½C@HN;<H=;^S@
Vp

ñ ò>ýdõ�G�^.É;<>^�R?¹

∀t ∈ [0, Tfin] (r(t, ·), Ψk) = 0, (r0, Ψk) = 0, 0 ≤ k ≤ P.

Ù(É%R?¹(=?K�<CO%¹$^.@F^SÉ%K�È¥@H=?=A@dÕnR?N%½Ô¹.ÆV¹�^.K�D�@>È�K�Ë-B;<>^.R?@HN;¹







ẏk =
1

〈Ψ2
k〉

〈

g
(∑

k

ykΨk, ξ
)
Ψk

〉

yk(t = 0) =
〈y0(·)Ψk〉

〈Ψ2
k〉

, k = 0, . . . , P.
À
óCó ′ Ä

:VKM^.^.R?N%½
[y] = (y0 · · ·yP )T G%<HN;OÅ¹�R?DFRA=T<>PS=AÆ [g̃]

È¥@HP(^SÉ%K[¹
^S@�»�É;<H¹�^.RT»�D©@�O�K`¹(@>È£^.É%K¼PSR?½HÉ-^�é�É;<>N+OVé�¹.RTO�KHGVRt8 KC8

g̃
k([y]) =

〈g(y, ξ)Ψk〉

〈Ψ2
k〉

,

^.É%K[O�ÆVN;<HDFR?»�<>=|K�Ë-B;<>^.R?@HNÅ»Q<>NÅ¿XK,P.K`»Q<H¹�^�<H¹
˙[y] = [g̃]([y]),
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K`»j^.R?@HNÌ=AK`<HO%¹�^.@Í^.É;KYPSK�¹.@H=?B�^.R?@HNÌ@>ÈÊ<¾¹�KQ^�@HÈ
(P + 1) × n
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S ∈ R
n×n R?¹�»�<>=?=AK`O

R
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n 8 ��¹�B;<H=A=?ÆHG�ÕnÉ%K�N�^S<H=AØVR?N%½�<H¿+@CB�^ÅKQR?½HKQNV¶CK�»j^S@HP�¹­@HÈ
S
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λ
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S
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ì�Nµ·;<HP�^SR?»QB%=T<>P`G�ÕÊK­<HP.K©R?NC^SKQPSK�¹�^.K`O´R?NµP.K`<>=
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DÔ<d^SP.RT»MK`¹,ÕnR~^SÉ
n
é�O%R?¹�^.R?N;»j^[PSK�<H=�KQR?½HK�N-¶d<H=AB%K`¹Q8­:VB+»�ÉÜDÔ<>^.PSR?»QK�¹
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R
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Z6KM^ S

¿+K,¹.B;»�ÉÍ<YDÔ<d^.PSRAL|GVÕnRA^.É¾O�R?¹�^.R?N;»M^(PSK�<H=+K�RA½CKQNV¶d<>=?B%K�¹
{λ1, . . . , λn}

<>N;O
P.R?½HÉ-^n<>N;O¾=?KMÈw^�KQR?½HK�NV¶HK�»M^.@CPS¹�G

{a1, . . . , an}
<>N+O

{b1, . . . , bn}
8!b�@>^SK�^.É;<>^

λjb
T
j ai = bT

j Sai = bT
j (λiai) = λib

T
j ai,

¹�@©^.É+<d^
(λi − λj)b

T
j ai = 0

8$a�KQN+»MKHG
bT

j ai = 0
È¥@CP

i 6= j
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ᾱm

ij

G
αm

ij

G
β̄ij
G+<>N;O

βij
<>PSK�»Q@HN;¹�^S<HNC^�¹Q8�ì�N;¹.KQP.^.R?N%½©^.É;K¼KML�·%PSK�¹S¹�R?@HN;¹ÊÈ¥@CP
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〈Ψ2
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λ(ξ)
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J(ξ)a(ξ) = λ(ξ)a(ξ), a(ξ) · a(ξ) = 1,
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λ(ξ) =
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λkΨk, a(ξ) =
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J(ξ)
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JkΨk(ξ), Jk = J k0,
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aj〈ΨiΨjΨk〉 = 0, k = 0, . . . , P,
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ai · aj〈ΨiΨjΨk〉 − δk0 = 0, k = 0, . . . , P.
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(J − λI) ~ a = 0,

a� a = 1.
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J̄ = J(ξ̄)
G

(λ̄i, āi), āi · āi = 1, i = 1, . . . , n,
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ξ ∈ Ω∗
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limξ→ξ̄ λi(ξ) = λ̄i
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lim
ξ→ξ̄

ai(ξ) = ai(ξ̄) = āi.
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ζi
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cos(ζi(ξ)) = ai(ξ)· āi.
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ai(ξ) =
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hij(ξ)āi.
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b̄k · ai(ξ) = b̄k ·
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j=1

hij(ξ)āi

)

= hik(ξ).
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H = H(ξ)
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lim
ξ→ξ̄

cos(ζi(ξ)) = 1,
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lim
ξ→ξ̄

hij(ξ) = lim
ξ→ξ̄

b̄j · ai(ξ) = b̄j · āi = δij .
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lim
ξ→ξ̄

‖H(ξ)− I‖F = 0,
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n∑

j=1

|Aij |
2
)1/2

, A ∈ R
m×n.
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āifi.
Àvô��>Ä

Ù(É%K,KML�·;<>N+¹�R?@HNÅ»M@VKMð­»QRAK�NC^�¹¼À¥DF@�O�K[<>DF·%=?RA^.B;O�K`¹SÄ
fi
<>PSK�¹�^.@�»�É;<C¹
^SR?»,<>N+OÍ<HP.K,½HR?¶HK�NÍ¿VÆ

fi(ξ) = b̄
T
i g(y, ξ), i = 1, . . . , n,

ÀvôHü-Ä

ÕnÉ%KQPSK
b̄i ∈ R

n <HP.K�^.É;K¼N%@HDFR?N;<>=ª=?KMÈw^�K�RA½CKQNV¶HK`»j^.@CPS¹�8
Ù(É;K[¹
^S@V»�É+<H¹�^.RT»�K`ËCB+<d^.R?@HNµÀvô��>Ä(»�<>N¾¿+K¼·%PS@>c
K`»j^SK�OÍ@HN-^.@

Vp
G;P.K`¹�B%=A^.R?N%½©RAN
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, Ê(t) =

∥
∥
∥Y (t, ·)− Ŷ (t, ·)
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t E(t)
10−2 6.28× 10−4

10−1 2.15× 10−5

100 8.06× 10−4

101 2.23× 10−4
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Ẽ(t)

8´W�¶CKQP�<>=?={G6^.É%KÍP.K�=?<>^.R?¶HKFKQPSP.@CP[RT¹,È¥@HB%N+Oµ^.@"¿XK
¶HKQPSÆ­¹.DF<H=A=!À

∼ 10−4 Äj8�Ù(É;K�PSK�¹.B%=A^S¹n<H=?¹.@FRAN;O%R?»�<d^.K,^SÉ;<d^(È¥@CP�¹�DÔ<H=A=�<HN;OÇR?N-^.K�P.DFK�O%R?<>^.K�^.R?DFK�¹[À t < 10
Ä

Ẽ
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Ê(t)
<>N;O
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Xn+1 = Xn(2I −AXn).
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Xn+1 = Xn ~ (2I −A ~ Xn) .
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0 = 0, k = 1, . . . P.
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