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^�^.É%KY<H»Q»QB%P�<H»MÆ¾<>N;OÅKQßXK`»j^SRA¶CKQN%K`¹.¹n@HÈ�^.É%KY·%P.@C·+@-¹�K`O¾D©KQ^.É%@�Oª8��£R?N;<>=?=?ÆHGXRAN"¹.K�»M^.R?@HN �©Õ$K[·%PS@d¶VR?O�K[<
È¥KQÕ »Q@HN;»Q=AB+O�RAN;½©PSKQDÔ<HP.Ø�¹(<>N;O¾·X@C¹S¹�R?¿%=?K¼O�RAPSK�»M^.R?@HN;¹$È¥@CP(È¥B%P.^.É%K�PnÕÊ@CP.Ø|8

#ªâ�$ ±%²&%(';°dåXç ä æ

ì�N¾^SÉ%R?¹�¹�K`»j^.R?@HN¾Õ$K�º;LÇ^.É;K¼N%@>^�<d^.R?@HNÅ<>N+OÍ»Q@H=?=AK`»j^n¿;<H»�ØV½CP.@CB%N;OPSK�¹.B%=A^S¹(B;¹.K�OÍR?NÍ^SÉ%K¼PSK�¹�^(@HÈ^SÉ%K¼·;<H·+K�P�8

)�*,+-*/. � (*"��#�	0� �0��"�	�#
ì�NÅÕnÉ;<>^nÈ¥@H=?=A@dÕ�¹

(Ω,F , µ)
O�K�N%@>^SK�¹n<F·%PS@H¿;<H¿%R?=ARA^
Æ¹�·+<H»MKCG�ÕnÉ%KQPSK

Ω
RT¹$^.É;K[¹.<HD©·;=AK[¹.·;<H»QKHG

F
RT¹n<>NÏ<H·%·%PS@H·%PSR?<>^.K

σ
é�<H=A½CKQ¿%P�<�@HN

Ω
G�<>N;O

µ
RT¹Ê<¼·;P.@C¿;<>¿%R?=?R~^
ÆYD©K`<H¹.B%PSKH8�I�PSK�<>=Aé�¶]<H=AB;K�O©PS<HN;O�@CDÁ¶d<>PSR?<H¿%=?K

ξ
@HN

(Ω,F , µ)
RT¹�<>N

F/B(R)
é

D©K`<H¹.B%P�<>¿%=?KJDÔ<>·;·%RAN;½
ξ : (Ω,F , µ) → (R,B(R))

GªÕnÉ%K�P.K
B(R)

O�K�N%@>^SK�¹�^.É;K�1$@CP.K�=
σ
é�<>=?½HK�¿%PS<Ç@HN

R
8JÙ(É%KÔ¹�·+<H»MK

L2(Ω,F , µ)
O�K�N%@>^SK�¹!^.É%K�a�R?=A¿XKQP.^$¹.·;<H»QKn@>È�PSK�<H=~é�¶d<>=?B%K�OF¹SËCB+<>PSKnRAN-^.K�½HP�<>¿%=?KnP�<>N;O�@CDÁ¶d<>PSRT<>¿%=?K�¹�@CN

Ω
8 �;@HP$<¼PS<HN;O�@CD

¶]<HP.RT<>¿;=AK
ξ
@HN

Ω
G�Õ$KÌÕnPSRA^.K

ξ ∼ N (0, 1)
^.@�DFK�<>N�^.É;<>^

ξ
RT¹¾<�¹�^S<>N+O%<>P�OøN%@CP.DÔ<>=�PS<HN;O�@CD ¶d<HP.RT<>¿%=?KÌ<HN;O�Õ$K

ÕnP.RA^.K
ξ ∼ U(a, b)

^S@ÍDFK`<>N"^SÉ;<d^
ξ
RT¹,B%N%RAÈ¥@HPSDF=AÆ"O�RT¹�^.PSRA¿%B%^.K�OÌ@HNÌ^.É%KFR?NC^SKQPS¶d<>=

[a, b]
8[³ÜKFB;¹.KJ^SÉ%KJ^SKQPSD "$" 1"È¥@HP¼<

»M@H=?=?K�»j^SRA@CN¼@>È�P�<>N;O�@CD ¶d<HP.RT<>¿%=?K�¹ª^.@�DFK�<HN¼^.É+<d^6^SÉ%KQÆ¼<HP.K�R?N;O�K�·+K�N;O�KQN-^�<>N;O¼RTO�K�NC^SR?»�<>=?=AÆ,O�RT¹
^SP.R?¿%B�^SK�Oª8 Ù(É%K$O�R?¹�^.PSR?¿%B�^.R?@HN
È¥B%N;»j^SRA@CNµñAó �-G�ý��]õ@>È�<YP�<>N+O�@HDÛ¶d<>PSRT<>¿%=?K

ξ
@CN

(Ω,F , µ)
R?¹(½CRA¶CKQN¾¿-Æ

Fξ(x) = µ(ξ ≤ x)
È¥@CP

x ∈ R
8

)�*2)�*43 #�2����� � "$#5��!
6 � � #5��" /7 �0��"�	�# ��#	1�,�	 �8! #�	 +)" � �9�� �-	 (
ì�N©^SÉ%R?¹�·;<>·XKQP`G>Õ$K�»M@CN;¹�RTO�K�P!O�ÆVN;<>DFRT»Q<>=%¹.Æ�¹
^SKQDÔ¹�ÕnRA^.É©º;N%RA^.K�=AÆ©DÔ<>NVÆ[P�<>N;O%@HDö·;<HPS<HDFKM^.K�PS¹�Gd·;<HPS<HD©KQ^.K�P.R � K`OJ¿VÆY<

º;N%RA^.K�»Q@H=?=AK`»j^.R?@HNÔ@HÈªP.K`<>=Aét¶d<>=?B%K`O "$" 1ÔPS<HN;O�@HD ¶d<>PSR?<H¿%=AK`¹
ξ1, . . . , ξM

@CN
Ω
8�³´K�=AKQ^

V = σ({ξi}M
1 )

<>N;OªG-O�RT¹�PSKQ½-<>P�O�RAN;½
<>NVÆ¼@>^SÉ%KQP!¹.@HB%P�»MK`¹£@>È+B;N;»MK�P�^�<>R?NC^
ÆCG>Õ$@HPSØ¼RANY^.É%K�¹.·;<C»MK

(Ω,V , µ)
8:1$Æ

Fξ

ÕÊKnO�K�N%@>^SKÊ^SÉ%K�c
@HR?N-^!O�R?¹�^.PSR?¿%B�^.R?@HN©È¥B%N+»j^.R?@HN
@>È�^.É;KJP�<>N;O�@CDÚ¶CK�»M^.@HP

ξ = (ξ1, . . . , ξM )T 8�b�@>^.KJ^.É;<>^�¹.RAN+»MK[^SÉ%K ξj
<>PSK "$" 1dG�^.É%K�ÆÅ¹.É;<HP.KJ<Í»M@CD©DF@CN"O�R?¹�^.PSR?¿%B�^.R?@HN

È¥B%N;»j^SRA@CN�G
F
GX<HN;O"»M@CN;¹.K�Ë-B%KQN-^S=AÆ

Fξ(x) =

M∏

j=1

F (xj)
È¥@HP

x ∈ R
M 8�Z�KQ^�B;¹�O�KQN;@>^.KJ¿-Æ Ω∗ ⊆ R

M ^.É;KJR?DF<H½HK[@HÈ
Ω

B%N;O�K�P
ξ
G
Ω∗ = ξ(Ω)

G;<>N+OÍ¿VÆ
B(Ω∗)

^SÉ%K;1$@HPSKQ=
σ
é�<>=?½HKQ¿;PS<Y@HN

Ω∗
8

ì�^$R?¹Ê@>Èw^SKQNÇ»Q@HNV¶HK�N%R?KQN-^�^.@YÕÊ@CP.ØYRANÔ^SÉ%K�·;P.@C¿;<>¿%R?=?R~^
Æ©¹�·;<C»MK
(Ω∗,B(Ω∗), Fξ)

R?N;¹�^.K�<COF@>Èª^SÉ%K�<H¿;¹
^SPS<C»j^!·%PS@H¿+<>¿%R?=ARA^
Æ
¹�·;<C»MK

(Ω,V , µ)
8�³´K[O%KQN%@H^.K,^.É;K¼KML�·+K`»j^�<d^.R?@HN¾@>È�<©PS<HN;O�@CDÛ¶]<HP.RT<>¿;=AK

X : Ω∗ → R
¿VÆ

〈X〉 =

∫

Ω∗

X(s) dFξ(s).

Ù(É%KÏ¹�·;<C»MK
L2(Ω∗,B(Ω∗), Fξ)

G(ÕnÉ%RT»�ÉÖÕÊK"¹.@HDFKM^SRADFK`¹Ô¹�R?DF·%=AÆ�O�KQN%@H^.KÏ¿VÆ
L2(Ω∗)

G(RT¹ÔKQN+O�@dÕÊK`O9ÕnRA^.ÉÖ^.É;KÏRAN%N;KQP
·%P.@�O�B+»j^

(·, ·) : L2(Ω∗)× L2(Ω∗) → R
½CRA¶CKQN¾¿-Æ

(X, Y ) =

∫

Ω∗

X(s)Y (s) dFξ(s) = 〈XY 〉 .
ô



ì�N¾^SÉ%K[»Q<C¹�K
ξi

iid
∼ N (0, 1)

G;<>NVÆ
X ∈ L2(Ω∗,B(Ω∗), Fξ)

<HO%D©RA^S¹�<>N¾KML�·;<>N+¹�R?@HN¾@>ÈÈ¥@HPSD¾G

X =

∞∑

k=0

ckΨk,
À�ó`Ä

ÕnÉ%KQPSK
Ψk

<HP.K
M
ét¶d<HP.RT<d^SK�a�KQPSD©RA^.K¼·X@H=?ÆVN%@HDFRT<>=T¹�ñAóQõtG;<HN;OÇ^.É%K[¹.KQPSRAK`¹n»M@CN-¶CKQPS½HK`¹!R?N

L2(Ω∗,B(Ω∗), Fξ)
¹.KQN+¹�K�%

lim
P→∞

∫

Ω∗

∣
∣
∣X(s)−

P∑

k=0

ckΨk(s)
∣
∣
∣

2

dFξ(s) = 0.

Ù(É%K,KML�·;<>N+¹�R?@HNµÀ
ó]Ä$R?¹nØVN%@dÕnNÅ<H¹$^SÉ%KÀ¥³øR?KQN;KQP.é�a�KQPSD©RA^.K]Ä$·+@C=AÆVN%@CDFR?<H=�»�É;<>@-¹ÊKQL�·;<>N;¹.R?@HNÌñ ý
%G 
�G�ó ��G+ò>ýdõ6@>È
X
8!Ù(É%K

·+@C=AÆVN%@CD©RT<>=T¹
{Ψk}∞0

<HP.K�@HP.^.É%@C½H@CN;<>=tG

(Ψk, Ψl) = 〈ΨkΨl〉 = δkl

〈
Ψ2

k

〉
,

ÀtòHÄ

ÕnÉ%KQPSK
δkl

R?¹n^.É%K[e,PS@HN%K`»�ØHK�PÊO�K�=~^�<%8
ê�KQ·XKQN+O�RAN;½Ç@HN"^.É%K©O�R?¹�^.PSR?¿%B�^.R?@HN+¹�<>·;·+K`<>PSRAN%½ÔR?NÏ^SÉ%KJ·%PS@H¿;=AK�DïRA^�RT¹�»Q@HNV¶HK�N%R?KQN-^�^.@Í<HO�@C·�^�<>=A^.K�P.N+<d^.R?¶HKJ·;<>P�<>DFKMé

^.KQPSR � <d^SRA@CN;¹�<HN;OÅ·+@C=AÆVN%@CDFR?<H=�¿;<H¹.K�¹�8 �%@CP�KML%<>DF·%=?KHG+RAN"^.É%KJ»�<H¹.K ξi
iid
∼ U(−1, 1)

G;Õ$K¼ÕnR?=A=£B;¹.K
M
ét¶d<>PSRT<d^.K¼Z6KQ½HK�N;O�PSK

·+@C=AÆVN%@CD©RT<>=T¹È¥@HP�^SÉ%K(¿;<H¹.R?¹
{Ψk}∞0

GH<HN;OJ^.É%KnKQLV·+<>N;¹.RA@CNJR?N¾À�ó`Ä£RT¹�<¼×�KQN%K�PS<H=AR � K`O[Ã�@H=?ÆVN%@HDFRT<>=+ÂÊÉ;<H@C¹$ñ ý���õ%KML�·;<HN;¹.RA@CN
@>È

X
8Ôì�^JRT¹[<>=T¹�@Å·X@C¹S¹�R?¿%=?K©^.@ÏB;¹.K

ξi
^SÉ;<d^Y<HP.KFR?N;O�K�·+K�N;O�KQN-^J¿;B�^[N%@>^[N;K�»MK`¹.¹S<>PSR?=AÆ"RTO�K�NC^SR?»�<>=?=AÆ´O�R?¹�^.PSR?¿%B�^.K`OªG£ÕnÉ%R?»�É

=AK`<HO%¹$^S@F<©DFRALVK`O¾·+@C=AÆVN%@CD©RT<>=�»�É+<>@C¹$¿;<C¹�RT¹¼Àv»MÈ
8�ñ òdýdõ�È¥@CPnKML%<>DF·%=?K�¹�Äj8
�£R?N;<>=?=?ÆHG%R?NÅ·%PS<C»j^SR?»�<>=ª»M@CD©·;B�^S<>^.R?@HN;¹�G�ÕÊK,ÕnR?=A=6¿+K[<H·%·%PS@]LVR?DÔ<d^SRAN%½

X(ξ)
ÕnRA^.ÉÏ<Y^.PSB%N;»�<d^.K`OÍ¹.KQPSR?K�¹�G

X(ξ) ≈
P∑

k=0

ckΨk(ξ),
À{ôCÄ

ÕnÉ%KQPSK
P
R?¹º;N%RA^.KÌ<HN;OøO�KQ·XKQN+O%¹@CNÞ^.É%KÏ^SP.B;N;»Q<>^.R?@HNø¹
^SPS<>^.K�½HÆ�<CO�@H·%^.K�O�8 ì�NÞ^SÉ%K"È¥@C=A=?@dÕnRAN;½;G$ÕÊKÌ¹.É;<H=A=�»Q@HN;¹.RTO�KQP

^.PSB%N;»Q<>^.R?@HN;¹$¿;<C¹�K`O@CNÇ^SÉ%K�^.@>^�<>=�O�K�½HPSKQK�@>È^.É%K,PSKM^S<HRAN;K�OÍ·+@C=AÆVN%@CD©RT<>=T¹$RANÍ^.É;K,¹.KQPSR?K�¹�GV¹.B;»�ÉÍ^.É;<>^
P
RT¹n<JÈ¥B;N;»j^SRA@CNÍ@HÈ

^.É%K[¹�^.@�»�É;<C¹
^SR?»�O�R?D©K�N;¹.RA@CN
M
<>N;OÍKML�·;<HN;¹.RA@CNFí�@HP�O�KQP �

p
<H»�»M@HP�O�R?N%½[^S@Ïñ ò>ýdõ %

1 + P =
(M + p)!

M !p!
.

Àvý-Ä

a�KQPSK
p
P.KQÈ¥KQP�¹$^.@©^.É%K¼=T<>PS½HK`¹
^(·X@H=?Æ-N;@HDFR?<H=�O�KQ½CP.K�K,RANÍ^.É%K¼KQL�·;<>N;¹.R?@HN�8

)�*�� *�� � �)� ,�,	� 	���"$+ �0��"�	�# ( , �-2�
Vp

Z6KM^�B+¹�O�K�N%@>^SK[¿VÆ
Vp
G%^.É;KY¹.B%¿;¹.·;<H»QK¼@>È

L2(Ω∗)
¹�·+<>N%N%K`O¾¿-Æ

{Ψ0, Ψ1, . . . , ΨP}
ÕnRA^.É

P
½HR?¶HK�NÅ¿-ÆÝÀvý-Äj8(ë!¶CKQPSÆ

KQ=?KQDFKQN-^Ô@>È
Vp

R?¹Ô<Ü=?RAN%K`<>PÔ»M@CDJ¿%R?N;<>^.R?@HNÖ@>È
{Ψj}P

0

8���<>N+O�@HD ¶d<HP.RT<>¿%=?K�¹YR?N
L2(Ω∗)

ÕnR?=A=n¿XK"<>·;·%P.@]L�R?DÔ<d^.K`OÝ¿VÆ
KQ=?KQDFKQN-^S¹!RAN

Vp
8�Ù(É;K�O�KMº;N;R~^SRA@CNÔ@>ÈX^.É%K�<H·%·%PS@]L�RADÔ<d^SRA@CN;¹�R?N

Vp
@>È�<>NFKQ=?KQDFK�NC^

u ∈ L2(Ω∗)
ÕnR?=?=%¶d<>PSÆ[È¥PS@HDÁ@CN%K�»Q<C¹�K

^.@Ï<>N%@H^.É%K�P '£¹�·XK�»QR~ºX»Q<>=?=?ÆHG6Õ$KÔ¹�É+<>=?=�P.K�=AÆ"@CNµ@HP.^.É%@C½H@HN+<>=£·%P.@Hc
K�»M^.R?@HNÜ@>È
u
RAN-^.@

Vp
@CP¼@HN´^.É%KÇ×,<H=AK�P.ØVR?N´·%PS@>c
K`»j^SRA@CN

O�KMº;N;R~^SRA@CNÕnÉ%KQN^.É%K�PS<HN;O�@HD ¶d<>PSRT<>¿%=?K
u
RT¹$¹�@C=AB�^SRA@CNÔ@>È6<HNK�Ë-B;<>^.R?@HNÌÀv@HP�@HÈ6<[¹.KM^(@>ÈªK�Ë-B;<>^.R?@HN;¹�Ä*'�¹.KQK�:VK`»j^SRA@CNÍò�8 ý;8 ò�8

Ù(É%K�@HP.^.É;@H½H@CN;<>=;·%P.@Hc
K�»M^.R?@HN<>=?=?@dÕ�¹�B;¹�^.@YO%KMº;N%K�@H·XKQP�<d^SRA@CN;¹�¿XKM^
Õ$KQKQNÇKQ=?KQDFKQN-^S¹Ê@>È
Vp
RANÍ<¼PS<>^.É%K�PÊ¹�^.P�<>R?½HÉ-^�È¥@CP.Õ(<>P�O

Õ$<]ÆC8 �%@CPFKML%<>DF·%=?KHGÊ½HR?¶HKQN
u, v ∈ Vp

G�Õ$K¾N;@>^.K¾^SÉ;<d^F^.É;KÏ·%P.@�O�B+»j^
(uv)

RT¹FRANÖ½HK�N%KQP�<>=(N%@H^FR?N
Vp
GÊ¿%B�^Ç»�<>NÖ¿+K

·%P.@Hc
K�»M^.K�OÇRAN-^S@
Vp
K�<H¹.R?=AÆÇ<C¹$È¥@H=?=A@dÕ�¹�ñ òdýdõ�8�×�R?¶HKQN6G

u =

P∑

k=0

ukΨk, v =

P∑

k=0

vkΨk,

ý



^.É%K¼·%PS@>c
K`»j^SRA@CN
w
@>È

(uv)
R?N-^.@

Vp
RT¹

w =

P∑

k=0

wkΨk, wk =
1

〈Ψ2
k〉

P∑

i=0

P∑

j=0

uivj 〈ΨiΨjΨk〉 .
À 
HÄ

Ù(É%K�È¥B%N;»j^SRA@CN
w
O�KMº;N;K�OÅ<H¹$R?NµÀ 
HÄ$RT¹$^.É%K¼·;P.@�O�B;»M^�@>È

u
<>N;O

v
R?N
Vp

'%Õ$K¼O�KQN%@H^.K,^SÉ%R?¹
Vp
·%P.@�O�B+»j^n¿VÆ

w = u ~ v.

ì�N9^.É%KÅ»MB%PSPSKQN-^JÕ$@HPSØXG�Õ$KÇ<>PSKÇ<H=?¹.@"R?NC^SKQPSK�¹�^.K`OÝRAN�PS<HN;O�@HD
n
é�¶HK�»M^.@CPS¹

u
ÕnR~^SÉ�»Q@HDF·+@CN%KQN-^�¹

ui ∈ Vp
È¥@HP

i =
1, . . . , n

8£ì�N¾^SÉ%R?¹�»Q<H¹.K,ÕÊK,ÕnPSR~^SK
u ∈ (Vp)n 8!I�NVÆ u ∈ (Vp)n É+<H¹n<Ô¹.·+K`»j^.P�<>=|PSKQ·%PSK�¹.KQN-^�<d^.R?@HN6G

u =

P∑

k=0

ukΨk,

ÕnR~^SÉ
uk ∈ R

n 8�³ÜK[O�KQN;@>^.K,¿VÆ [u]
^SÉ%K

n(P + 1)
é�O�RADFK�N;¹�R?@HN+<>=|¶HK`»j^.@CP

[u] =








u0

u1888
uP








,

<>N;OÏ¶VR?KQÕ
[u]

<C¹�^SÉ%K©¶HK�»M^.@CP�@HÈ£í�»Q@V@HP�O�RAN+<d^.K`¹ �¼@>È
u
R?N

(Vp)n 8¼³´KÔ»�<>NÌ<H=?¹.@ÍO�KQº;N%KF@H·XKQP�<d^SRA@CN;¹�¿XKM^
Õ$KQK�NÌP�<>N;O%@HD
n
ét¶CK�»j^S@HP�¹Q8 �%@CPnKML%<>DF·%=?KHG�RAÈ

v ∈ (Vp)n É;<H¹n<F¹.·+K`»j^SPS<H=ªP.K�·%P.K`¹�K�N-^S<d^SRA@CN�G

v =

P∑

k=0

vkΨk,

^.É%K�NÍ^SÉ%K[O�@H^(·;P.@�O�B;»M^�@>È
u
<HN;O

v
G
α = u · v

G;»Q<HNÍ¿XK¼·%PS@>c
K`»j^.K`OÇR?N-^.@
Vp
K`<H¹.RA=?Æ<H¹$È¥@C=A=?@dÕ�¹ %

α =

P∑

k=0

αkΨk, αk =
1

〈Ψ2
k〉

P∑

i=0

P∑

j=0

ui · vj 〈ΨiΨjΨk〉 .
À��CÄ

³´K[O�K�N%@>^SK�^.É%RT¹�O�@H^(·;P.@�O�B;»M^�RAN
(Vp)n ¿VÆ

α = u� v.
�R?N;<H=A=?ÆHG+ÕÊKJ»�<>NÏ»M@CN;¹.R?O�K�P�P�<>N;O�@CD

n× n
étDÔ<d^SP.RT»MK`¹nR?N

(Vp)n×n 8�×�RA¶CKQN A ∈ (Vp)n×n <>N;O u ∈ (Vp)n Õ$K[O�KQN%@H^.K
^.É%K[¹�^.@�»�É;<C¹
^SR?»�DÔ<d^.PSRAL-é�¶HK`»j^S@HP$·%P.@�O�B+»j^�R?N

Vp
@HÈ

A
<HN;O

u
¿VÆ

A ~ u
ÕnR~^SÉ

(Vp)n 3 (A ~ u) =

P∑

k=0

(A ~ u)kΨk, (A ~ u)k =
1

〈Ψ2
k〉

P∑

i=0

P∑

j=0

Aiuj 〈ΨiΨjΨk〉 .

)�* �5*43 #�2����� � "$# 1�! #	��+�"�2����(�! (�� �&+ (
ÂÊ@CN;¹.R?O�K�P(^.É%K[O%KM^.K�P.DFR?N%RT¹
^SR?»,<>B%^.@HN;@HDF@HB;¹�W�ê�ëø¹�Æ�¹�^.K�D¾G

{

ẏ = g(y),

y(0) = y0,
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y : [0, Tfin] → R

n 8F³´K»Q@HN;¹.R?O%KQP,·;<>P�<>DFKQ^.PSR?»YB%N;»QKQP.^S<>R?N-^
ÆÏRAN
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g = g(y, ξ)
G;<HN;O

y0 = y0(ξ)
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y : [0, Tfin]× Ω∗ → R

n.
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{y(t)}t∈[0,Tfin]
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G
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n RT¹�<©PS<HN;O�@CD n
ét¶CK�»M^.@HP`8£³´K¼»Q<HNÅP.K�ÕnP.RA^.KFÀ �HÄ$D©@CP.K,·%PSK�»QR?¹.KQ=?Æ<H¹

{

ẏ(t, ξ) = g
(
y(t, ξ), ξ

)

y(0, ξ) = y0(ξ).
a.s.
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ξ
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ξ = ξ̄ ∈ Ω∗
8�I�=A^.É;@HB%½CÉJ@>^SÉ%KQP�»�É%@CR?»QK�¹6È¥@HP^.É%K(N%@CD©R?N;<H=-¹.Æ�¹
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ξ̄ = 〈ξ〉
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y(t, ξ) ∈ L2(Ω∗)
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(

y −
P∑

l=0

clΨl, Ψk

)

= 0, k = 0, . . . , P.
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=
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∫
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d

dt

( P∑

k=0

ykΨk

)

= g
(

P∑

k=0

ykΨk, ξ
)

+ r(t, ξ),
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k=0

yk(0)Ψk = y0(ξ) + r0(ξ),
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ñ ò>ýdõ�G�^.É;<>^�R?¹

∀t ∈ [0, Tfin] (r(t, ·), Ψk) = 0, (r0, Ψk) = 0, 0 ≤ k ≤ P.
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ẏk =
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〈Ψ2
k〉

〈
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(∑

k

ykΨk, ξ
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Ψk

〉

yk(t = 0) =
〈y0(·)Ψk〉

〈Ψ2
k〉

, k = 0, . . . , P.
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k([y]) =

〈g(y, ξ)Ψk〉
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� *2)�*�� � �)��� #	��2� (&�
ì�N´^.É;K©KQL%<>DF·%=?KY¿XKQ=?@dÕ¼GªÕÊK©ÕnR?=A=!»Q@HN;¹.R?O%KQP�^.É%KÔ¹.R~^SB;<d^SRA@CN´ÕnÉ%K�P.KY^.É;KFÒ-<H»Q@H¿%RT<>N

J
R?¹¼<HN´<dðÔN%KYÈ¥B%N;»M^.R?@HNÜ@>ÈÊ^.É%K

¹�Æ�¹�^.KQDà¶]<HP.RT<>¿;=AK`¹�À{¹�K�KJ:VK�»M^.R?@HN 
�8?ó`ÄM8£ì�N¾^SÉ%R?¹�»Q<H¹.K
J
RT¹n½HR?¶HK�NÍ¿VÆ

Jij(y) =

n∑

m=1

am
ij ym + bij , i, j = 1, . . . , n.

À
ó�ú-Ä

ì�N;¹�K�P�^SRAN;½"À
ó�ú-ÄÊRAN-^.@ÏÀ�ó �>Ä$<HN;O¾B;¹�R?N%½©^.É;K¼Ã$ÂøKQL�·;<>N;¹.R?@HNÇ@HÈ
ym

=AK`<HO%¹$^S@ %

J kl
ij =

n∑

m=1

P∑

s=0

ys
m

〈
am

ij ΨsΨkΨl

〉

〈Ψ2
k〉

+
〈bijΨkΨl〉

〈Ψ2
k〉

.
À{òHûCÄ

ì�NÇ^SÉ%K[»Q<C¹�K,ÕnÉ%K�P.K
am

ij

<>N+O
bij
<>PSK�O�KQ^.K�P.DFR?N%R?¹�^.RT»ÔÀ{òHûCÄ$¹.RADF·%=?R~º+K�¹(^S@

J kl
ij =

n∑

m=1

am
ij

P∑

s=0

ys
m

〈ΨsΨkΨl〉

〈Ψ2
k〉

+ bijδkl.
À{ò%ó`Ä

ì�NÅ:VK`»j^SRA@CN 
%8AóCG�ÕÊK,ÕnR?=A=»M@HN+¹�RTO�KQP
am

ij

<HN;O
bij
^.É;<>^�<>PSK�B;N%R~È¥@CP.DF=?ÆÍO�RT¹�^.PSRA¿%B%^.K�O¾P�<>N;O%@HDÛ¶d<>PSR?<H¿%=?K�¹$@>È£È¥@HPSD

am
ij = ᾱm

ij + αm
ij ξ1, bij = β̄ij + βijξ2, ξ1, ξ2

iid
∼ U(−1, 1),ó�û



ÕnÉ%KQPSK
ᾱm

ij

G
αm

ij

G
β̄ij
G+<>N;O

βij
<>PSK�»Q@HN;¹�^S<HNC^�¹Q8�ì�N;¹.KQP.^.R?N%½©^.É;K¼KML�·%PSK�¹S¹�R?@HN;¹ÊÈ¥@CP

am
ij

<HN;O
bij
R?NµÀtò>û-Ä�½CRA¶CK�¹ %

J kl
ij =

n∑

m=1

ᾱm
ij

P∑

s=0

ys
m

〈ΨsΨkΨl〉

〈Ψ2
k〉

+

n∑

m=1

αm
ij

P∑

s=0

ys
m

〈ξΨsΨkΨl〉

〈Ψ2
k〉

+ β̄ijδkl + βij
〈ξΨkΨl〉

〈Ψ2
k〉

.

� *�� * � 	 � � "$#����,� � (���	 �� � (���"� �&"8���&#�� � � � ��,-� 	 �&���&+
a�KQPSK�Õ$K�O�RT¹.»QB;¹S¹�»M@CDF·%B�^S<>^.R?@HN@HÈ|^.É%K,»�É;<>@-¹!»M@VKQðÔ»QRAK�N-^S¹!@HÈª^.É%K�KQR?½HK�N-¶d<H=AB%K`¹

λ(ξ)
<HN;OÔPSRA½CÉ-^�KQR?½HK�N-¶CK�»M^.@HP�¹

a(ξ)@>È6^SÉ%K[¹�^.@�»�É;<H¹�^.RT»,ÒC<C»M@C¿%R?<HNÇ¿VÆÇ¹.@H=?¶VRAN%½Y^.É;K,È¥@H=?=A@dÕnR?N%½FKQR?½HK�N-¶d<H=AB%K�·%PS@H¿%=?KQD %

J(ξ)a(ξ) = λ(ξ)a(ξ), a(ξ) · a(ξ) = 1,
ÀtòHòCÄ

ÕnÉ%KQPSK
·
O�KQN%@H^.K`¹(^.É%K,ë!B+»M=?R?O�K`<>NÅR?N%N%KQP�·%P.@�O�B+»j^nRAN

R
n 8!Ù(É%K¼Ã(ÂøPSKQ·%PSK�¹.KQN-^�<d^.R?@HN+¹�@HÈ λ(ξ)

<>N+O
a(ξ)

<>PSK

λ(ξ) =

P∑

k=0

λkΨk, a(ξ) =

P∑

k=0

akΨk.
À{òHôCÄ

��¹.RAN%½"À�ó�ü-Ä!^S@ÔP.K`»M@d¶CKQPÊ^.É%K¼Ã$Â�PSKQ·%PSK�¹.KQN-^S<>^.R?@HNÍ@>È
J(ξ)

G

J(ξ) =

P∑

k=0

JkΨk(ξ), Jk = J k0,

<>N;OÍB;¹.RAN%½©^SÉ%K¼Ã$Â�P.K�·%P.K`¹�K�N-^S<d^SRA@CN;¹$@>È
λ
G
a
G;<HN;O

J
RANÏ»Q@HNdc
B%N+»j^.R?@HN¾ÕnRA^.ÉÝÀ{òCòHÄjG;ÕÊK,@H¿%^S<>R?N

P∑

i=0

P∑

j=0

(
J i − λiI

)
ajΨiΨj = r1,

P∑

i=0

P∑

j=0

ai · ajΨiΨj − 1 = r2,
À{ò>ý-Ä

ÕnÉ%KQPSK
I
R?¹$^SÉ%K

n× n
RTO�KQN-^SR~^
ÆDÔ<>^.PSR~LªG%<>N+O

r1
<>N;O

r2
<>PSK�^SÉ%K¼P.K`¹�RTO�B;<H=?¹(O�B;K,^.@©^.É%K,º+N%R~^SK,^.PSB%N;»�<d^.R?@HN¾@>È^.É%K¼Ã(Â

KML�·;<>N+¹�R?@HN;¹�8��%@H=?=?@dÕnRAN%½[^.É%K�DFKM^.É;@VOÍ@>È�×�É;<>N%K�D�<>N;OÍ×�É%@C¹.ÉÌñ ú]õ�GV^.É%K`¹�K�P.K`¹�RTO�B;<H=?¹Ê<>PSK�DFR?N%RADFR � K`OÇ¿VÆ©È¥@HP�»MR?N%½[^SÉ%KQR?P
@HP.^.É%@C½H@HN+<>=?R~^
Æ©^.@©^SÉ%K¼¿;<H¹.RT¹(@>È

Vp
8!Ù(É%K[¹�^.@�»�É;<C¹
^SR?»�KQR?½HK�N-¶d<H=AB%K,·%PS@H¿;=AK�D�¿+K`»M@CD©K`¹&%







P∑

i=0

P∑

j=0

(
J i − λiI

)
aj〈ΨiΨjΨk〉 = 0, k = 0, . . . , P,

P∑

i=0

P∑

j=0

ai · aj〈ΨiΨjΨk〉 − δk0 = 0, k = 0, . . . , P.

À{ò�
HÄ

b�@>^SK�^.É;<>^�B;¹�R?N%½©^.É;K¼N%@>^�<d^.R?@HN¾@>È!:VK`»j^.R?@HNÏò�8 ôY^.É%K[¹.Æ�¹
^SKQD Àtò�
CÄÊ»�<>NÅ¿XK[¹�R?DF·%=AÆÇKML�·%PSK�¹S¹�K`OÇ<H¹ %

{

(J − λI) ~ a = 0,

a� a = 1.

³´KÏ»M@CDF·%B�^.K
λk

<>N;O
ak È¥@HP k = 0 . . . P

¿VÆ�¹.@H=?¶VRAN%½´^.É;K¾N;@HN%=?RAN;K�<>PÔ¹.Æ�¹
^SKQD R?N0À{ò�
CÄ[B+¹�R?N%½Ýb�K�Õ(^.@HN%é ��<H·%É;¹.@HN
R~^SKQP�<d^.R?@HN+¹QG�<>N+OÍPSKMÈ¥K�P$^.@F^.É;R?¹�<H·%·%PS@C<C»�ÉÇ<H¹$^SÉ%K¼P.K`¹�RTO�B;<H=ªDFRAN%R?DFR � <d^SRA@CNÍDFKM^SÉ%@�Oª8

�� �9±�° % �6â � � � + ���,��	 1/	������ ��#	�&+ � #-1)��� 	 ( � ����� " ( ��	 �*+ � ����� �21 � 	 �	 +�, � � �7��� � �*"8� � � (���	 �� � (���"���&"8���#5� ���� 	��2( *
�*# 	 � �  � �*�!��#5� (�� � 1�!� � ��#-� �21
� 	 �	 +�, � � � ��� ��������� (�� 	& � � (�� "� ��"8���#5� ���� 	��2(�� (;� �&�$� * � � ��� " ( � � ��#-� �21
� 	 (�	 � � �
�,� � ��	 �$�2	�� "$#��),	� 	 �����&+ �

b(ξ)T J(ξ) = λ(ξ)b(ξ)T , b(ξ) · b(ξ) = 1.
� ��" ( 2� # �2� , �&����	 �*+ �21 �2� (*"$� ! ��!���� � (&� + � + ����� 	 1 � ( � ��	�� � � � 2� ,���� � �!� ,	��� 2�

J i ��! (J i)T "$#ÞÀ{ò�
CÄ *

óHó



� * �5* � �����0��"�	�# �2����� �2�&#�#�	�+�"$#-� � ��#	1 (���	& � � (���"�)�&"8���&#�� �����	 �2(
ÂÊ@CN;¹.R?O�K�P(^.É%K¼K�RA½CKQN%·+<>R?PS¹$@>È^.É%K¼N;@HDFRAN+<>=�¹.ÆV¹�^.K�DÚÒ-<H»Q@H¿%RT<>N

J̄ = J(ξ̄)
G

(λ̄i, āi), āi · āi = 1, i = 1, . . . , n,

ÕnÉ%KQPSK,ÕÊK[É+<]¶HK,B;¹.K�O¾@d¶HK�P.¿;<HPS¹Ê^S@ÔRAN;O%R?»�<d^.K,^SÉ;<d^�^.É%K`¹�K[K�RA½CKQN%·+<>R?PS¹n»Q@HPSP.K`¹�·X@HN;O^.@Ô^SÉ%K¼N%@CD©R?N;<H=6¹�Æ�¹�^.K�DïÒ-<H»Q@H¿%RT<>N�8
a�KQPSK¼Õ$K[ÕÊ@CP.ØÇB%N;O�K�P�^.É;KY<H¹S¹.B%DF·�^.R?@HN¾^.É+<d^�K`<H»�É

λ̄i
RT¹�PSK�<>=<>N;O (*"$+�,	���QG+Rt8 KH8;ÕnRA^.ÉÌDJB%=A^.R?·%=?R?»QR~^
Æ¾@HN%KC8 �%@HP�<Ô½HR?¶HK�N

ξ ∈ Ω∗
G;»M@CN;¹�RTO�K�P(^.É%K¼K�RA½CKQN%·;<HRAP

(λi(ξ), ai(ξ))
@>È

J(ξ)
G;ÕnÉ%KQPSK

ai
R?¹n< � # ",�ÊK�RA½CKQNV¶HK`»j^S@HP`8���N;O�K�P(^.É%KJ<C¹.¹.B%DF·�^SRA@CN

^.É;<>^
λi(ξ)

R?¹Y<"¹.RADF·%=?KÇK�RA½CKQNV¶d<>=?B%KHG^.É%K¾»�É%@HRT»MKÇ@>È
ai(ξ)

R?¹JB%N%RTË-B%KÇB%·9^.@"RA^S¹©¹�R?½HN68ÌÙ6@ÌDF<HØHKÔ^SÉ%KÍ»�É;@HRT»MKÔ@>È
aiB%N%RTËCB;KHG�Õ$K¼DF<]ÆÔDYB%=A^.R?·%=AÆ

ai
¿VÆ

sgn (ai· āi)
G�ÕnÉ%KQPSK

sgn
O�K�N%@>^SK�¹(^SÉ%K[¹.RA½CN-B;DÛÈ¥B%N;»M^.R?@HN�8

I�¹.¹.B%DFR?N%½©^.É;<>^
J
O�KQ·XKQN;O;¹�»M@CNC^SRANVB%@CB;¹.=AÆÔ@CN^.É;K¼·;<>P�<>DFKM^SKQP

ξ
G�R~^�RT¹$ÕÊK�=A=ªØVN%@dÕnNÜñ òHô]õª^.É+<d^(^.É%K,K�RA½CKQNV¶d<>=?B%K�¹$@>È

J(ξ)
O%KQ·XKQN;O¾»M@CNC^SRANVB%@CB;¹.=AÆÔ@CN

ξ
'�^SÉ;<d^nRT¹QGVÈ¥@CP$K`<H»�ÉÍKQR?½HKQNV¶d<>=?B%K

λi(ξ)
G�ÕÊK,É;<]¶CK

limξ→ξ̄ λi(ξ) = λ̄i
8�ì�NÇ^SÉ%K¼»Q<C¹�K

JO�KQ·XKQN;O;¹�O�RAßXK�P.K�NC^SR?<H¿%=?ÆÇ@HN
ξ
G%Õ$K[»Q<HNÏ¹.<]ÆÔ^SÉ;<d^�<>NÅKQR?½HK�N-¶CK�»M^.@HP(@HÈ

J(ξ)
À{»�É%@C¹.KQNÅ<H¹�<>¿X@d¶HK�^.@ÔDÔ<>ØCK,R~^�B;N%R?Ë-B%K[È¥@HP

K�<H»�É
ξ
Ä�»Q@HPSP.K`¹�·X@HN+O�RAN;½Ô^.@Å<Í¹.R?D©·;=AK©KQR?½HK�N-¶d<H=AB%KFO�K�·+K�N;O%¹,O�RAßXK�P.K�NC^SR?<H¿%=?ÆÏ@HN

ξ
R?Nµ<ÇN%K�RA½CÉV¿+@CP.É%@V@�OÏ@HÈ

ξ = ξ̄
Àv¹.KQK

È¥@HPnKML%<HD©·;=AKFñ ò>ô�G;Ù(É;KQ@HPSKQD�ü;G�Ã�86ó�û-ò]õ¥Ä*'-^.É;R?¹nR?NÅ·;<>P.^.RT»MB;=?<HP$R?DF·%=?RAK`¹(^.É;<>^�G

lim
ξ→ξ̄

ai(ξ) = ai(ξ̄) = āi.
À{ò��CÄ

I2D©K`<H¹.B%PSK�@HÈ�O�K�¶VR?<>^.R?@HN¾@>È
ai(ξ)

È¥P.@CD
ā
RT¹$^.É%K[<HN%½H=?K

ζi
¿XKQÕ(^.K�KQN¾^.É;KQD %

cos(ζi(ξ)) = ai(ξ)· āi.
À{ò�>Ä

7Ï@HPSKQ@d¶CKQP`G-¿VÆÇ^.É%K©<H¹S¹�B%DF·�^SRA@CN;¹n@CNÍ^SÉ%K[K�RA½CKQN�é�¹
^SP.B+»j^.B;P.K¼@HÈ^SÉ%K[^SÉ%K[N%@CD©R?N;<H=6¹�Æ�¹�^.K�DïÒ-<H»Q@H¿%RT<>N�GV^SÉ%KJK�RA½CKQNV¶HK`»j^S@HP�¹
āi
È¥@HPSDÚ<©¿;<C¹�RT¹(@>È

R
n 8!Ù(É%KQPSKMÈ¥@CP.KCG�ÕÊK,DÔ<]ÆKQLV·+<>N;OÇ^.É%K¼¶CK�»M^.@HP�¹ ai

R?NÍ^.É%K¼¿;<C¹�RT¹
{ā1, . . . , ān}

%

ai(ξ) =

n∑

j=1

hij(ξ)āi.
À{òHüCÄ

Ù(É%K�»Q@-KQð»MR?KQN-^S¹
hij

·%PS@d¶VR?O%K�<¼È¥B%P.^.É;KQP$D©K`<>N;¹�^.@©<H¹S¹�K`¹.¹�É%@dÕ�»M=?@C¹.Kn^SÉ%K�K�RA½CKQNV¶HK`»j^S@HP�¹!<>PSKn^.@J^.É%@-¹�K�@>È�^SÉ%K�N%@HDFR?N;<>=
¹�Æ�¹�^.KQDÅ8�b�@H^.K,^SÉ;<d^`G

b̄k · ai(ξ) = b̄k ·
( n∑

j=1

hij(ξ)āi

)

= hik(ξ).

Ù(É;<d^�RT¹�G
hij(ξ) = b̄j · ai(ξ)

8n³ÜK[º+N;OÏRA^�»M@CNV¶HKQN;RAK�NC^n^S@Ç»M@CN;¹.R?O�K�Pn^.É;KJDÔ<d^SP.RAL
H = H(ξ)

O�KMº;N;K�OÅ¿VÆ
Hij = hij

G
i, j = 1, . . . , n

8
ì�NÅ¶VR?KQÕ4@HÈ[À{ò��-ÄÊÕÊK¼É;<]¶CK

lim
ξ→ξ̄

cos(ζi(ξ)) = 1,
À{ò>ú-Ä

<>N;O
lim
ξ→ξ̄

hij(ξ) = lim
ξ→ξ̄

b̄j · ai(ξ) = b̄j · āi = δij .

Ù(É;<d^nRT¹QG
lim
ξ→ξ̄

hij = δij
'�^.É;R?¹n»�<>NÅ¿+K¼ÕnPSRA^�^.K�NÍDF@CP.K¼»M@CN;»MRT¹.KQ=?ÆÇ<H¹

lim
ξ→ξ̄

‖H(ξ)− I‖F = 0,
ÀvôCûCÄ

ÕnÉ%KQPSK
‖·‖F

O%KQN%@H^.K�¹$^SÉ%K �%PS@H¿XKQN;RAB;¹(N;@HPSD %

‖A‖F =
( m∑

i=1

n∑

j=1

|Aij |
2
)1/2

, A ∈ R
m×n.

ó`ò



ì�NÇ^SÉ%K[»M@CD©·;B�^S<>^.R?@HN;¹(¿XKQ=?@dÕ¼G�ÕÊK[¹.É;<H=A=ªB;¹.K�^.É%K¼B;N;»MK�P�^�<>R?NC^
ÆÇD©K`<H¹.B%PSK�¹
cos(ζi(ξ))

<>N+O

η(ξ) = ‖H(ξ)− I‖F

^.@Ô¹
^SB;O�ÆÇ^.É%K[O�K�¶VR?<>^.R?@HN¾@>È6^SÉ%K[¹�^.@�»�É;<H¹�^.RT»�KQR?½HK�N-¶CK�»M^.@HP�¹�È¥P.@CDÛ^.É%K�RAP�N%@HDFR?N;<>=�»Q@HB%N-^.K�P.·+<>P.^S¹�8

�6â�� � � ®`è ��� �vè�� � æ�� �
	�� °d±�� �� å+°&%
ì�NF^SÉ%RT¹�¹.K�»j^SRA@CN�G>Õ$Kn½HK�N%KQP�<>=?R � K$^.É%K�Â(:�ÃÝD©KQ^.É%@�OFR?N-^.PS@VO%B;»MK`OYR?NÇ:VK`»j^.R?@HNò%8 ��^S@,^.É%K�¹�^.@�»�É;<C¹
^SR?»n»�<H¹.KH8 �%@H=?=?@dÕnRAN%½

^.É%K¾<>N;<H=AÆ�¹.R?¹Y<>¿X@d¶HKHG�@CB%P©<H·%·%PS@C<C»�ÉÜRT¹Y¿;<H¹.K�OÝ@CN9KML�·%=?@HRA^.R?N%½Ì^.É%K¾¹�·XK�»M^.P�<>=$P.K�·%P.K`¹�K�N-^S<d^SRA@CNµ@>È�^SÉ%K
n
é�O�R?D©K�N;¹.RA@CN;<>=

¹
^S@V»�É+<H¹�^.RT»(KQR?½HKQNV¶CK�»j^S@HP�¹�<H¹(Â(:VÃ9¶HK`»j^S@HP�¹Q8£In»Q»M@CPSO%RAN%½C=AÆCGd^.É;K�PSK�¹.B%=~^SRAN;½©Â(:VÃÝÈ¥@CP.DÔ<>=?RT¹�D RANV¶H@C=A¶CK�¹!<[·%P.@Hc
K�»M^.R?@HNF@HN-^.@
<�¹�^.@�»�É;<C¹
^SR?»$DÔ<>N;R~È¥@C=?Oª8 1$KQ=?@dÕ¼G>Õ$K�O�KQ¶CKQ=?@H·Y^
ÕÊ@,¶d<>PSR?<HN-^S¹�@>ÈX^.É;Kn·%P.K`¹�K�N-^�¹.R?D©·;=ARAº;K�OÔ¹�^.@�»�É;<C¹
^SR?»�Â(:VÃµDFKM^SÉ%@�O�@H=?@H½CÆH8
Ù(É%K�º;PS¹�^�G�@CB�^.=?R?N%K�O¾R?NÏ:�K�»j^SRA@CNÍý+8AóCG�R?¹(¿+<H¹.K�OÍ@HNÅB;¹.RAN%½©^SÉ%K¼¹
^S@V»�É+<H¹�^.RT»�K�RA½CKQNV¶HK`»j^S@HP�¹Ê<C¹�Â(:VÃÞ¶HK�»M^.@CPS¹�8£Ù(É;K[¹�K`»M@HN+O
¶]<HP.RT<>N-^`G+@CB�^.=?RAN;K�O´RANµ:VK�»M^.R?@HNÌý+8 ò%G|R?¹�¿;<C¹�K`OÏ@HN´B;¹�R?N%½Ç^.É%KÔO�KQ^.KQPSDFRAN;R?¹�^.RT»JK�RA½CKQNV¶HK`»j^S@HP�¹n@>È!^SÉ%KFN%@HDFR?N;<>=�¹.ÆV¹�^.K�D�<H¹
Â(:VÃ�¶HK`»j^S@HP�¹Q8nÙ(É%KY=?<>^�^.K�P�RT¹�R?N;¹.·%RAPSK�O"¿-ÆÍ^.É;KJ@H¿+¹�K�P.¶d<d^SRA@CN¾^.É;<>^�È¥@HP�^.É%KY·%PSK�¹.KQN-^�¹.ÆV¹�^.K�DÅG+ÕnÉ%K�P.K`<H¹(^SÉ%KY¹�^.@�»�É;<C¹
^SR?»
KQR?½HKQNV¶d<>=?B%K`¹�KQLVÉ;RA¿%RA^¼<Ç·%PS@HN;@HB%N;»QK�O"O%KQ·XKQN;O�K�N;»MKF@CN
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∣
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ŷ(t + ∆t) = y(t) +

∫ t+∆t
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E(t) =
‖y(t, ·)− Y (t, ·)‖L2(Ω∗)
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t E(t)
10−2 6.28× 10−4

10−1 2.15× 10−5

100 8.06× 10−4

101 2.23× 10−4
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Xn+1 = Xn(2I −AXn).
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X0 = κAT ,
ÕnR~^SÉ

κ ∈ (0,
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λ1
),
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AAT .
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Xn+1 = Xn ~ (2I −A ~ Xn) .

×�B%R?O%K�O¾¿VÆ´À�
CòHÄMG�ÕÊK[»�É%@V@-¹�K�^.É%K¼R?N%RA^.RT<>=�½CB%K�¹S¹Ê^.É%PS@HB;½HÉ

X0
0 = κ× (A0)T , Xk

0 = 0, k = 1, . . . P.
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0 < κ < 2/λ1
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